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IN A COURSE given at the University of Chicago in the summer of 1957, Thorn showed that there is 
a commutative cochain complex over the real numbers associated with every topological space 
which yields the correct singular cohomology ring. The details of this construction were never 
published although some applications were given in [6]. In [3], Quillen showed that there is even 
such a complex over the rational numbers, yielding the correct rational cohomology ring. 
Quillen’s construction is rather complicated. Since Thorn’s construction is so simple and elegant, 
the question naturally arises as to whether it can be modified to work over the rational numbers. I 
will show here that this is indeed the case. Sullivan [4] has announced a similar construction, with 
many attractive applications, and pointed out that the essential idea is contained in Whitney’s 
book[7]. I would like to thank Sullivan and Thorn for information on the history of the 
construction, and particularly the former for suggesting references [I, 2 and 51. 
Thorn’s basic idea was to define a differential form on a simplicial complex to be a collection 
of C” forms on the various simplexes which fit together properly. In the present exposition, I will 
give a more functorial version of this theory, the resulting cochains, however, being the same as 
those given by Thorn’s construction. 
Let S be the category whose objects are the sets are the sets (0, 1,. . . , r} with monotone 
maps, so that, by definition, a simplicial set is a contravariant functor on C. Let a be the category 
of algebraic varieties defined over a field 1 (we actually only need the subcategory of affine 
(spaces and affine maps). Define a functor: H : 9 + a as follows. Let H({O, 1, . . . , r}) = H, be 
the hyperplane in affine r + 1 space A”’ defined by the equation c ti = 1. If 
@:{O,l,..., r}+{O,l,..., s}, let H(h):H,+H, by (to ,..., &)+(x0 ,..., x,) khere xi= 
Z 
jar-‘(i) 
tj. If ei”’ E H, is the point given by tj = Sij (for 0 5 i I r) then H(k)ei”’ = eEji,. Using this, 
it is easy to check that H is a functor. 
For each integer n 2 0, let R” : a”-, {R-modules} by R”(X) = T(X, &,,), the set of global 
differential n-forms on X. Composing this with H gives us a simplicial R-module 
L(n) = 0” 0 H: a0 + {R-modules}. Explicitly, if we use t,, . . ., t, as coordinates in H, then L(n), 
consists of all differential forms 
lO= c ai, .. . . . i, dti, A. . . A dti,, *zi,<...<i,5n 
where ai ,..._. ;, E ,t@[t,, . . ., t,]. Since d: R” + on+’ is a natural transformation, it induces a map 
d: L(n) + L(n + 1) of simplicial R-modules. The map E: / --, R” sending a E / to the constant 
function with value a, induces E: / --, L(0) where ,# is the trivial simplicial R-module: 4. = /for 
all n. The exterior product R’ @ R4 + P’+’ induces a bilinear map L(p) X L(q) + L(p + q). All 
this can be summarized by saying that L = @ L(n) is a simplicial differential graded augmented 
R-algebra which is associative and skew commutative. 
If X is any simplicial set, define C”(X) to be the set of all maps from X to L(n). Using the 
structures introduced above we see that C*(X) = @ C”(X) is an associative and commutative 
D.G.A. algebra over 1. This is the required cochain complex. 
THEOREM. If char / = 0, there is a natural isomorphism H*(C*(X)) = H*(X, 1) preserving cup 
products. 
Thorn proved this by verifying the Eilenberg-Steenrod axioms. This reduces easily to 
verifying the following two statements. 
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O+R~L(0)3L(l)-,.-. isexact. 
Each L(n) is contractible. 
(A) 
(B) 
Assuming these statements, we can avoid the use of the axioms as follows. Let K(n) be the 
kernel of d: L(n)-* L(n + 1). By (A) we have fibrations 
K(n - I)-, L(n - l)+ K(n). (1) 
Also (A) shows that K(0) = / = K(/, 0). Using (1) and (B) we see that K(n) = K(P. n) for all n. 
Now it is clear that Z”(C*(X)) is the set of maps f: X + K(n). Such a map lies in B”(C*(X)) if 
and only if it lifts to X + L(n - 1). This, in turn, is equivalent to f = 0. In one direction this 
follows from (B) while in the other direction it follows from the fibration (1). Consequently, 
H” (C*(X)) = [X, K(n)] = [X, K(k’, n)] = H” (X, A’). To check the cup products, we can use the 
maps of fibrations 
K(p)xK(q)- 
I 
L(P) x K(q) - K(P + 1)x K(q) 
I I 
K(P+~) - L(P + 9) - K(p+q+l) 
I 
K(P): K(q) - KCp)“x L(q) - K(pjLx K(q + 1) 
to show by induction on p and 4 that K(p) x K(q) + K(p + q) is homotopic to the canonical 
map K(R, P) x K(lP, s>+ KM’, P + 4). 
It remains only to check (A) and (B). For (A), we recall the classical proof of the Poincart 
Lemma. Let ~1: A’ X A’ + A’ be the bilinear map of affine spaces defined by ~(f; ul, . . ., u,) = 
(tub.. ., tu.). If w E n”(A’), let p*(o) = dt A (Y + /3 where (Y and p involve only du,, . . ., du. 
(and not dt). Let S(o) = JA dt A (r, i.e. integrate the coefficients of LY with respect to t. Write 
d = d, + d, on A’ X A’ where d, involves only differentiation with respect to t and d. involves 
differentiation with respect to uI, . . ., u,. Now p*(dw)=dp*(m)=-dt ~d,a+dtP+d,P so 
S(do) = J; (d,P - dt A d,a) and dS(w) = J:dt A dua so (dS + Sd)o = J: d,P = 
P(t=l)-P(f=O)=C1T(o)-tL8(0)= w if n >O and w-o(O) if n =O. Here /I~ is defined by 
p*(u) = p(t, u) = tu. But all of this clearly works over R. The only possible difficulty arises in 
connection with the integration but if f E R[t, ul, . . ., u,] then Ji f(t, ut, . . ., u,) dt E 
RIU,, . . ., u,]. This is the only place where the hypothesis char ,& = 0 is used. It is clear that (A) 
follows from this since H, = A’ over &. 
We now turn to the proof of (B). This was the most difficult part of Thorn’s proof. The 
restriction to polynomials here makes the proof much easier. Let E be the fact of H, defined by 
ti = 0 (0 5 i 5 r). To show that L(n) is aspherical we must show that given r + 1 n-forms 
wi E R”(F,) such that UiJFi n Fi = wilfi n Fj, there is an n-form o E fl”(H,) with w/E = WI. 
Following Thorn’s broof, we generalize this by assuming that we are only given oi for i in a 
subset I of (0, 1, . . ., r} and use induction on 111. By omitting one element of 1, extending, and 
subtracting the result from the given data, we can assume oi = 0 for all but one i. 
Case 1. I# {O, 1, . . .) r}. Suppose 0 E 1 and choose a kl-isomorphism H, = A’ sending the E 
with i E I to the planes u, =O, i E I. Suppose w, =0 for i# 1. Let ~:A’-+{u~=0} by 
(U,,..., U,)‘(O, u?.,..., u,). Then w = P*(w,) gives the required extension. It is clear that 
olFi =0 for if 1 since a(fi) C E n F, and o,lF, II F, =O. 
Case 2. Z={O,l,..., r}. Choose H, = A’ sending the E to the hyperpianes ui = 0, 1 I i 5 r 
and $ ui = 1. Suppose w0 on {Z ui = 1) is the only non-zero oi. Let 7~ be the projection of 
A’ -{Z ui = 0) onto {Z ui = l} with center 0, i.e. r(u,, . . . , u,) = (~,/a’,. . . , k/d) where d = 2 ui. 
Then P*(o~) is a meromorphic n-form on A’ whose denominator is a power of d. Therefore if N 
is sufficiently large, d”p*(w,) gives the required extension. As in Case I, r(E) C r(E n Fo) so 
dNrr*(Wo) is 0 on E for i# 0. 
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Remark. Except for the integration in the proof of (A), all this would work over any field or 
even over Z. From this point of view, the existence of non-trivial cohomology operations in 
characteristic p can be traced to the denominators occurring in JA t” dt. It is, of course, well 
known that no commutative cochain complex can give the correct cohomology ring in 
characteristic p. 
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